Abstract. We prove that a cotilting module over an arbitrary ring is pureinjective.
1 R (M, U ) = 0} and Cogen U is the class of R-modules cogenerated by U , namely the class of modules which are embeddable in a direct product of copies of U . Another way of putting this is to say that U is cotilting if the cotorsion-free class of the cotorsion theory generated by U coincides with Cogen U (see Section 1). In [13] Eklof and Trlifaj proved that a cotorsion theory generated by a class of pure-injective modules is complete and, as noted above, a cotilting torsion-free class provides for preenvelopes and precovers. Thus the question raised by Trlifaj of whether a cotilting module is pure-injective is particularly interesting. In this note we answer the question affirmatively, namely we prove that if U is a cotilting module over any ring R, then U is a pure-injective module.
Preliminaries
R will denote an associative ring with identity and R-Mod the class of left Rmodules. Recall that a torsion theory is a pair (T , F ) of classes of modules which are mutually orthogonal with respect to the Hom R functor, i.e., such that T = {T ∈ R-Mod | Hom R (T, F ) = 0 for all F ∈ F}, F = {F ∈ R-Mod | Hom R (T, F ) = 0 for all T ∈ T }.
T is called a torsion class and its objects are called torsion modules; F is called a torsion-free class and its objects are called torsion-free modules. They can both be characterized in terms of closure properties: T is a torsion class if and only if it is closed under epimorphic images, direct sums and extensions; while F is a torsion-free class if and only if it is closed under submodules, direct products and extensions. Given a class M of modules, the torsion theory generated by M is the smallest torsion theory for which the objects of M are torsion. Dually, the torsion theory cogenerated by M is the smallest torsion theory for which the objects of M are torsion-free. For more details, see [25, Ch. VI] .
Considering the functor Ext 1 R instead of the functor Hom R , Salce in [24] introduced the notion of a cotorsion theory.
A cotorsion theory is a pair (A, B) of classes of modules over a ring R which are mutually orthogonal with respect to the Ext 1 R functor, i.e., such that
A is called the cotorsion-free class, while B is called the cotorsion class. Given a class M of modules, the pairs
are cotorsion theories, called the cotorsion theories generated and cogenerated by M, respectively. For every R-module M , Prod M will denote the class of modules isomorphic to summands of direct products of copies of M and Cogen M will denote the class of the R-modules cogenerated by M , namely the class of modules which are embeddable in a product of copies of M . It is evident that an R-module N ∈ Cogen M if and only if, for every 0 = x ∈ N , there is a morphism f ∈ Hom R (N, M ) such that f (x) = 0.
Definition 1.
If R is any ring, an R-module U is said to be cotilting if
If U is a cotilting module, then ⊥ U = Cogen U is the torsion-free class of the torsion theory cogenerated by U ; moreover it is the cotorsion-free class of the cotorsion theory generated by U . A torsion-free class F is called a cotilting torsion-free class if F = ⊥ U for some cotilting module U .
The above definition of a cotilting module generalizes the classical notion. In fact, as proved in [1] and [9] , an R-module U is cotilting if and only if the following three conditions hold:
where E is an injective cogenerator of R-Mod and U 0 , U 1 ∈ Prod U . Moreover, U is cotilting if and only if U satisfies 1, 2 and 3 . for any R module M , Hom R (M, U ) = 0 and Ext
If R is any ring, an R-module U is said to be partial cotilting if U satisfies 1 and 2 above, i.e., if i.d.U ≤ 1 and Cogen U ⊆ ⊥ U .
Note that for any
⊥ M is a torsion-free class if and only if it is closed under direct products. In [9] , a module U is said to be partial cotilting if Cogen U ⊆ ⊥ U and ⊥ U is a torsion-free class: this notion is then stronger than the one given by Definition 2.
The notion of pure-injectivity will play a central role in our discussion. We refer to Theorem 7.1 in [18] for a complete description of the various equivalent conditions satisfied by pure-injective modules.
Cotilting modules and pure-injectivity
The characterization of pure-injectivity that will be particularly useful for our purposes is condition (vi) in [18, Theorem 7.1]. We state it explicitly.
Lemma 2.1. An R-module M is pure-injective if and only if, for every cardinal
Thus, in particular, we obtain:
Proof. Consider the exact sequence
Applying the contravariant functor Hom R (−, M), we obtain the exact sequence
By the preceding lemma we get the conclusion.
If X is a set, we say that a family A of subsets of X is almost disjoint if the intersection of any two distinct elements of A is finite. We now need some cardinal arguments. The following fact is well known in the literature and it has many different proofs. The one we prefer is the following.
Lemma 2.3. Let λ be any infinite cardinal. Then there is a family of λ
ℵ0 countable almost disjoint subsets of λ.
Proof. Consider the tree T of the finite sequences of elements of λ, i.e.,
countable almost disjoint subsets of T . Considering a bijection of λ to T , we have the desired conclusion.
The following result is also well known (see for instance [17 
. Let F be the support of y and G = i =j (A βi ∩ A βj ); then F ∪ G is finite. Fix an index i ∈ {1, . . . , n}; for every α ∈ A βi \ (G ∪ F ), the α-component y(α) of y is 0, hence x βi (α) = 0 too, since α / ∈ A βj , for every j = i. Thus x βi ∈ M (λ) ; hence η βi (x βi ) = 0 for every i.
Let V be the submodule of M λ such that
Lemma 2.4, we can choose λ such that λ ≥ | Hom R (M, U )| and λ ℵ0 = 2 λ . Since ⊥ U is closed under products and submodules, we have that Ext
induces the exact sequence
The cardinality of the first term is | Hom R (M, U )| λ which coincides with 2 λ by
is non-zero, the cardinality of the second term in the above sequence is at least 2 
Corollary 2.6. Let R be any ring and U a partial cotilting R-module. Then Ext
Proof. Let M = U in the proof of the preceding proposition. Then the proof is valid under the hypothesis that U is partial cotilting. The last statement follows immediately from the definition of a cotilting module.
The following result is valid in all generality. It will be a key step in proving the main theorem.
Proof. We show that for every 0
, where y = (y α ) α∈γ ∈ M γ is an element with infinite support. Choose a subset A of the support of y such that |A| = ℵ 0 and consider the projection
, thus g(x) = 0, since A was an infinite subset of the support of y. By the assumption
We are now in a position to prove our main result.
Theorem 2.8. Let U be a partial cotilting R-module such that
⊥ U is closed under direct products. Then U is pure-injective. In particular, if U is cotilting, then U is pure-injective.
Proof. By [9, Theorem 2.11] a module satisfying our hypotheses is a direct summand of a cotilting module. Thus we may assume that U is cotilting. By Corollary 2.2, U is pure-injective if and only if
if and only if
By Lemma 2.7 it is enough to consider the case γ = ω. Thus the conclusion follows by Corollary 2.6.
Applications
In [14] , Enochs introduced the notions of X -precover and of X -cover, for any class X of modules and in [26] the notion of a special X -precover was defined. They generalize the analogous definitions of right and left approximations considered by Auslander, Reiten and Smalø [2, 3] . We now recall the definitions. Definition 3. Let X be a class of modules, M an R-module and X ∈ X . A homomorphism φ ∈ Hom R (X, M ), is called an X -precover of M if for every homomorphism φ ∈ Hom R (X , M) with X ∈ X there exists a homomorphism f : X → X such that φ = φf . An X -precover, φ ∈ Hom R (X, M ), is called an X -cover of M if for every endomorphism f of X such that φ = φf , f is an automorphism of X. An X -precover φ of A is said to be special if φ is surjective and Ker φ ∈ X ⊥ .
The notions of X -preenvelope, special X -preenvelope and X -envelope are defined dually.
The class X is said to be a precover class (cover class, preenvelope class, envelope class) if every R-module admits an X -precover (X -cover, X -preenvelope, X -envelope).
If (A, B) is a cotorsion theory, then every R-module admits a special A-precover if and only if every R-module admits a special B-preenvelope (see [24, Corollary 2.4] ). The cotorsion theory (A, B) is said to be complete if every R-module admits a special A-precover, while it is said to be perfect if A is a cover class and B is an envelope class. In [12, Theorem 10] it is shown that a cotorsion theory cogenerated by a set of modules is complete; moreover, as a consequence of [13, Corollary 10] it follows that the cotorsion theory generated by a class of pure-injective modules is perfect. Thus, as a corollary of Theorem 2.8, we obtain that if U is a cotilting Rmodule, then the cotorsion theory generated by U is perfect; in particular Cogen U is a cover class. We could get the same conclusion by using a result proved in [1] . In fact, we can state the following. Remark 1. In [22] it is proved that a cotilting module is pure-injective if and only if ⊥ U is closed under direct limits. The necessity is obtained arguing in the same way as in the proof of the preceding proposition. For the other implication an alternative easy proof could be given by noting that 
since it is a direct limit of products of copies of U and the conclusion follows by Corollary 2.2.
Theorem 2.8 can also be applied to obtain other interesting properties of the class ⊥ U , for U a cotilting R-module. Recall that a class X of R-modules is said to be definable if there exists a family of coherent functors {F i } i∈I such that an R-module M is in X if and only if F i (M ) = 0 for every i ∈ I. In [11] it is proved that a class X is definable if and only if X is closed under direct limits, pure submodules and direct products. If U is a cotilting R-module, then ⊥ U is clearly a torsion-free class and, as a consequence of Theorem 2.8, we obtain that it is also closed under direct limits; so it is a definable class. Moreover, in [6] it is shown that the equivalence classes of pure-injective cotilting modules form a set, thus now we have that this result holds without the assumption of pure-injectivity. The next proposition summarizes the above observations. Proposition 3.2. Let U be a cotilting module over a associative ring R. Then ⊥ U is a definable class and the equivalence classes of R-cotilting modules form a set.
